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EFFECTS OF TEMPERATURE GRADIENTS,
SELF-ABSORPTION, AND SPECTRAL LINE-
SHAPE ON APPARENT ROTATICONAL
TEMPERATURES OF OH#*

by
B. H. Elliott 7
Daniel and Florcace Guggenheim Jet Propulsion Center,

California Institute of Technology
Pasadena, California

The effects of temperature gradients, line contour, and self-

absorption on observable iptensities have been studied for the
P,-branch, (0,0)- band, “X — “I|| transitions of OH in absorption

and emission experimonts.

* Supported, in part, by the Office of Naval Research urnd.r
Contract Nonr-220(03), NR 015 210.

+ Lt. Colonel, U.S.M.C. This article is based, in part, on a thesis
submitted by B. H. Elliott to the Graduate School of the California
Institute of Tachnology, in partial fulfillment of requirements for
the degree of Aeromautical Engineer. The author is indebted ic
Dr. S. S. Penner for helpful suggestions throughout the course of

the work.



The effects on apparent rotational temperatures{of OH) of
temperature gradientsl and of spectral line-shape,z coupled with

, . &3
varying dagrees of eelf-absorption, * have been described

rosentative syetems, It ia the pmrpose of the prese'nt calculzations
to amplify the conclusions drawn previously in aew}eral réepecﬁs by
presenti.ng addition2! numerical results particularly for siinplified models
of iow-preezsure and atmospheric - pressure flames.

The calculations emphasize the fact that definitive conclua.ions
regarding interpretation of flame spectra are not easy i< cbtain
by conventionzl low-r _ olution snectrgm.omc studies of ﬂames.
Multiple path experiments or absorption studies wiih discrete iine
sources appear promising provided they are restricted to conditions
under which the spectral line-shape is known. ~ Alternately, the use
of interferometric studies may be indicated.
: 8 Effcct of Line -Shape agd of Self-Absorption on the Use of

the Isointensity Method” for Isothermal Systems.
According to the igointensity method the temperature of a radiator

is obtained from a comparison of two spectral lines which are of equal

intensity. Let A(K) be the total intensity of the line identilied by the

! S. S. Penner, "Quantitative Studies of Apparent Rotational Temp-

eratures of O™ in Emission and Absorption (Spectral Lines With

Do%g}er Contour)"”, Technical Report No. 5, September 1952; Journal
emical Physics (in press).

S. S. Penner, nEffect of Spectral Line-Shape on Apparent Rotational

Tempecraturers nf OH", Technical Report No. 8, November 1952, journal

of C emxcal Physics (m press).

G. H Dieke and H. M. Crosswhite, "The Ultravi'nlet Bands of CH,

Fundamental Data," Bumblebee Series R..p rt No, 87 Nov. 1948.
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icdex K. Then, for spectral lines with Doppler contour, .

ag/am = [, 00/ &) g 0/vg )=l g wyfgm)] o

where Inn x(K) ie the peak intensity emitted frorn the K'th line,

\)_4 u(K) is the frequency at the line center of the K'th line, and % (K)
is a known function <f the value of mex for the K'th line, where

P —— is the maximumn spectral absorption coefficient and X is the
optical density. The line-shape for combined Doppler-and collision -

broadening is described by the parameter
= 1/2
a = (by + be) UUn 2) /bD.. (2)

Doy U, &0U by denote, respeciiv
N D ’

where
and Doppler half-widths, In general bN <<b_ and a = 0 for pure
Doppler -Qbroadening.

¢ emphasize that Eq. (1) applies to apectral lines

with Doppler contour we shall write it as
Ala = 0, K)/A{a = 0, K'} = [lmax(a, =0, K)fi_, (a =0, K]

x [V g &)/ Vg ] [ & kY BEY. | (1a}

The effect of line-shape, under isothermal conditions, on the
use of the isointensity method may be determined by evaluating the
ratic A(a,K)/A(a, K'). This result can be obtained most converiently

by using Eq. (la) in conjunction with the "curves of growth", A

* E. 3. F. van der Held, 2. Physik 70, 508 (1931); A Uasold, Physik

der Sternatmospharen, p. 168, J. W' Edwards, Ann Arbor 1

for an extension of the curves cf growth to larger ralues of the hne-
shape parameter a, see 5. S. Penner and R. W. Kavanagh, Tecknical
Report No. 6, Contract Nonr-220(03}, NR 015 210, California
Institute of Technology, September 1952, or Journal of the Optical
Society of America (in press)
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The ordinate of the curve of growth is proportional tc A(a, K)
for Pi'nax RK{X). Thus the ratio A(a, K)/A(a = 0, K) can be obtained

simply by reading the osrdinate corresponding to the known value of

P iy X(K). Finally, the quaatity A(a,K)/A(a,K"; is cbtained by

writing
A(a,K)/2{a,K') = { [aa, K)/AG = 0, K)] / [ata, k')A = 0, K')]}
7/

x [afa = 0, K)/A@ =0, K)| . (3)

The results for K' = 1 of representative calculations at 3000°K,

using Eqs. (la) and (3) together wiih tne "curves of growth" [for the
P! -branch of the Zi —» 277 transitions of OH, (0, 0}- ¢
plotted in Figs. 1to 3 for a = 0.9005, a = 0.05, anda =
ively* The self-absorption parameter §£' again refers to the value of
1 - exp ('Pmax X) for the {first line of the Plu‘bfa.nch and assumes the
values 0.3, 0.7, and 0.95.

In order to illustrate the combined effects of line-shape and
self-absorption on lines of equal iz.xtensity. from which conclusions
might be drawn concerning the "temperature", the results listed in
Table I may be consulted. In Table I the lines of iniwmsity closest to
the intensity for K = 3 and K = 6 have been tabulated for different
values of ' and of a. Reference to the data shown in Table I
indicates a large effect of &' for small a, but the results are quite
insensitive to £' for large a. Hence the conclusion is reached that

self-absorption errors become more important as the pressure is

reduced, i.e., as 2 is decreased. A more quantitative conclusion

¥* The authorp are indebted to Mr. N. Schroeder for performing the
numerical calculations.
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is justified only if absolute values are kaown for 2 in flames, which
is pot the case at the present time., .

O T O N A R e g e P e . e Y= N O RS
Table 1. Effect of £' and a on Lines of Equal Total Intensity.

o s PR v . o

K value of line with intensity ciosest to K = 3 jor

&' =0.3 E'=0,7 ' = 0.95
& = 0.005 13 14 16
a=9005 - 13 ' 14 16

a=2 13 13 14

K value of line with intensity closest to K = 6 for

& =0.3 £t = 0.7 &'=0.95
a = 0.005 10 11 14
a=0.05 10 11 13
a=2 10 10 10

w
Because of the ambiguity in inatching lines of equal intensity

for small values of a and large values of &' the isointensity method

cannot be used, even for isothermal systems, at low pressures unless

independeni proof is provided that £' <<0,3,
If &' is sufficiently small then it can be shown that

Ala,K)/A(,K') =Sy (K)/S, (K') (4)

where S L {K) is the integral of the spectral absorption coefficient

‘ ; o B
for the K'th line. Here S lu(K) is given by the expr'essxon

> 5. S. Penner, J. Chem. Phys. 20, 507 (1952).
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A 8 1) = 6473’ Ny, 00 [ g )* /< p ,gumﬂ 5

where ¢ = velecity of light; Nu = number of molecules per unit volume I
per unit pressiure in the upper energy state; V‘Q = frequency of the

emitted or akhsorbed radiation at the center of the line, which is

~<

c;btained from the Bohr frequenéy relation; q P ® matrix ciement - f
corresponding to transitions between the two given energy stateg’; and
f °W.au’ = volume density of blackbody radiation at the frequency
vlu as given by the Planck distribution law. The quantity N (K) may

§ be replaced by N u(K) = Ngu(!{) [exp (-Eu(K)il;Tu):\' /Q where N = total
rumber of

molecunles par unit volume per unit pressare, g_ﬁ(K) =

statistical weight of the upper energy state involved in the given trans-

1 ition. Q = complete partition function, and the expression for S .ﬁu(K)

I @ | may be rewritten as

5 £u) - (6433 ) Ng, ) Vg, 1] *[ ap, 1]

x &exp [- Eu(K)!‘k'_I‘uj\% {ﬁ"l’ Vg, (X )]} (52)

/

' ﬁ Hence, for lines of equal intensity,
5 2,008, = [V 0,61 * 6,00 fag 06}

...1
o] 0 g

= (o g} [ )

x exp {- {Eu(K) - E“(K')]/ kTP ")5 i (6)
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But
{f 0[\4‘““”]}‘@" 1["4““"]} "= o] o]

x{exp[hvlu(i()i xT ‘uJ . a‘]

x{exp [h Yy (KX 'ru] - 1} -
o [vzuuc') ]3 [v ;_u(m] -
x exp {(h/k T [V 0 - Vg 1] } .

Substituting this relation in Eq. (6) we cbtain

= Mpatng ] { g & agm ]/ &(K')rqo LK) j}

x exp { -[Eu(K) - E(K® )] /ikTu}
x exp {(h/k'.'l‘u) [\) 0 oK) B, q u(K‘)] } (6a)

In this last expression every quantity is known for a given pair
8, 5
of iines, except tae tempéature Tu' Hence Eq. (62) can be used to

obtain T as
[E Ky - £ 5] +n[ Vg, ) - Vg, LK)
Tu = [T &) (K')J‘ \  {6b)
| VoulK) g,(K) [%eu‘K)] )

This principle is used in conventional isointensity metnods for measuring

temperatures although the approximation Vﬁu(K) =~ \)'eu(l{‘) is usually added,

It is clear from the preceeding discussion that the practical
use of Eq. (6b) depends on the identity of A(a, K)/A(a, K') with
S fu‘K)/ S .Au(K')' The limitations concerning this réla.tion have been

discussed in connection with igs. 1 to 3 and Table 1.
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1. Two-Path Experiments for Non-Isothermal Regions
{Spectral Lines with Doppler Contour, Peak Intensities}.

Calculaticns which are made in this section correspond to the

|~
1 L~
To Spectrograph | p tert P X P ' ///
o max max max -
T* . T T! L~
|~
Symmetrical Flame Mirror

Schematic arrangement of two-path experiment fov a flame
represented by two isothermal regions.

The OH concentration is treated as a variable parameter botk in the

. 3 ( , : :
.l?ot region La: {1 - exXp (-?max X)]j and in the cool regien

. £ = [1 - ex§ (-Pmaxex.)]} .. It is physically reasonable to assume

E'< L.

. Calculations bave been carried cut for peak intensities and
for spectral lines with Doppler Contour, Peak intensities, even for low-
pressure flames with Dopplei--broa.dened lines, have not been measured,
Such measurements might be possible with an interferometer. In part-
icular, it is clear thail: the resuits of the present calculations do not apply'
to ohservational data obtained with 2 low-resolution specivograph.

Referring to Fig. 4 the peak iutensity I for the spectral line

whcose center lies at vlu may be written as {ollows:
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I=R'(Vy) [1 - exp (-Pmax'x')] +R(Vg,) (1 - exp (-PmaxX)] exp(-P___'X'}

+R' (Vg,) R -expi-p__ 'x')] expi-P_, Xjexp(-P__ 'X')
b |
'X'i“ exp (-2 P___'X') exp {-P__

X)

max ax

+ r{R‘ (Vp,) [_1 - exp {-P
. | +R (Vgy) [1-exp(-P_, Xj| exp (-3 P, 'X") exp (-P__ X)

' +R' (D) D -exp(-P_, 'X')] exp(-2P__, X)exp(-3P_, ! X1 (7)

where r is the reflectivity of the mirror and the other symbols have

their usual mcaning. Equaticn {7) may be rewritten in the form
= RY - . - 1y
(q _I - B‘ n{!u) E exp F'max = )]
- o "yt - = Ny
{li-exp(Pmax‘x PmaXX)-t-r exp(?maxx ZPmaxX,

t+rexp(-2P__ X-3P__ ! x-)}

+ ROV ) [1-expl-p , X)] exp(-P_, ' X)

141 exp(-P__ X-2 Pmax'X‘)}. | (7a)

(m——~

Using Planck's blackbody distribution for R()Y ﬁu) it follows that

RY (Vg M/R(Vp,) = exp{- (8 Vg /%) [(1/T) - (1/T>J} ,

-

Hence Eq. (7a) becomes

e s o oninn . n | i atilhad i od g T LR

=
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I/R (v.ﬁu) = [1 -exp(-P___ X)] exp (-P max’X')

{l r B 0P Py K Pmax|x|)}

+ exp (:(hvln/k) [(}/T') . (l/TB] '.[1 - exp ('Pma.x'x')]

- . - ' - -
) x{l+exp( Pmux PmaxX')+ r exp ( Pmaxx ZPmax'X')

+ r exp (-2 Pma.z X-3 Pma.x ’X'-)} . (7b)

For reasonable values of T and T' 22 for unit reflectivity of the mirror

we chtain:
~ 2
1RV, )& (1- €0 Lra-ra -] (8)

If I' represeats the intensity for the single path, then I'=R(Vy }& (1 -&')

whentce
U1+ (1-830 - €92 ' (9)

The obaservabie raiio iI/i' has been calculaied as & {unciion of
K .
R for various values of £(K = 1) and (K = 1} for the Pl" branch
and 22 i Z'IT transitions of OH. Resuilts are plotted in Figs. 5 te 8,

Reference to Figs. 5 to 8 shows that the intensity ratio I(K)/I(K) is 2

very seneitive function of the self absorption pararmeters ¢ and £'.
It is clear that the intensity ratic for two-path experiments would be a much

less semsitive function of & and £' for measurements of total intensity.

The important result derived from the present calculations is
that even for values of ¢ as small as 0.3 the ratio I(K)/I{K') is

appreciably less than two for the stronger lines. In other words, a

Sr—
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two-path experiment measuring-peak intensities is a relatively
sensitive device for studying self-atsorption and temperature-~
distortion quantitatively. As will be shown in the following Section III ,

this last conclusion applies also to absorption experiments in which

poak intonsitics ars measured,
II11. Absorption Experiment fior Non-Isothermal Regions (Spectral

Lines with Doppler Contour, Peak Intensities).
Because of the experimental difficulties arising from inadequate
. resolving power in the measurement of peak intensities for two-path
experiments, it is of intereat to consider the use o
experiments using discrete line sources,
ers

Calculations which are made in this sscticn correspond to the

. 2ssumed experimental arrangement illustraied in Fig. 9. The light

~—’

source radiates at the center of a given spectral line as a blackbody

at the temperature Ts’

Tq
I P vX P X P U 5
P max max FMax * > M— @
H '
T T T Light source emitting
discrete lines.

Fig. 9. Schematic arrangement of absorption experiment for a
flame represexted by two isothermal regions.

Referring to Fig. 9, the transmitted intensity I for the spectral

< pen TR Y P ey "y

line whose center lies at -‘),Zu may be written as follows:
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I:-R(T ;cxp(ZP X' - P x,
+ R(T") [1 - exp (-P -x-)]
+R(T) 1 - oxp (-P_, _X)] exp (-P___'x")

i-exp(-P ax X')|exp(-P__ X-P___'X'). (10)

For Ta >> T, T' and. exp (-me}(), exp (‘.gmx'X') <<},
1= R(T.) exp (-2 me'X' - meX). (10a)

From Eq. (10):

IIR(‘I") = exp (-2 Pm,r'X' - meX)

+ R(Ti)[RiT‘) i} - exp (-}?mxixi):ll 'l_.l + exp {(-P X.P !xa:]

max max
+ R{TY/R(T ) h - exp (-P ,xy] exp (-P__ 'X')  {l0b)
or
I/R(T,) = exp(-2P__ 'X* -P___X)
+ exnl -(h \)1 /k)l(l/T') -(1/T ﬁ;ﬁé - exp (-Pr‘nax“X')j

h.'lLu..

8’
x[l - exp(-P___X-P__ _'X}
L * max max

4 r -
+ exp i- (hvj“/k) I_U/T')- (l/Tsﬂ}l-l ~exp(-Pmaxx& exp{-meex').
(10c)

In general we may neglect the radiation from the region at temperature

T' and use the relation
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1/R(T,) = oxp (-2 P 'X' - P___X)
i .
+ mi\- (1.1 %‘u/k)[ﬂ/T)- (ll'l")]j[i - OXP (-Pm‘)()] exp (-Pmaleq
1.0 -0+ 60 -£) e - [a/m - «.xlr,ﬂ,} . (108)

14 '!'. >> T, as sahould he tha caas for a gosd ahanrption awneriment,

then
oxp {-(hv,“iks [arm - u/'r,)]) 2 exp (-h Vg [¥T).

But hV/k = hew/k = 1, 4220 and exp(-h ViquT)‘é-‘eprl. 432x30, GOOISOOO)&xp(;!4).

L

Hence for 'r'>> T Eq. (10d) may be written as

UR(T,) > (1 -€) (1 -E). an

Comparison of_‘ Eqs. (9) and (11) shows that the transmitted
intensity divided by the incident intensaity from a discrete line source is
nearly equai to I/I' - 1 where I1/I' is the ratio of the intensity of the

flame for a double-path experiment to the intensity of the flame for a
single-path experiment. Figures (5) to (8) may then be rcinterpreted

s in such & way that I1/I' - 1 represents the absorptivity of the flame for
discrete radiation. |

Since 1/I' or I/I' - 1, for measureraents of poak intensities,

[ 1]
i}
[
C
1
-4
&

! . are very sensiiive funciions of the seif absorpiion parsamct
it follows that IIR(T‘) is also a sensitive function of € and €'. Unlike
peak intensity determinations in two-path experiments, the discrete

H line source experiment may be feasible with orfnmry spectroscopic

apparatus by using as source OH in a discharge tube or else an extited
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metsal line which coincides exactly with a line of OH,. ®* In this connection
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with the 10" line of the (0, 0) band, 25 — 2T| -transitions of OH.

28 3a ol Amlomenmm
us 3B Ua arasGa O®

IV. Two-Path Experiments for Non-isotaermal Regions (Spectral

Yinas writh Cnmhln.fl Dnm!-r and Calliaian 'Rrr.a"ﬁnina.&mfrﬁrdlslZ:¢5)-

The calculstions summarized in this section again correspond (o

the experimental arranagarment illnatratad ip Fig, 4 of Section I, The

ISR - - ———— - ——

ptr&meter P must now be replaced by P(w‘iu) where P((‘%fu)’ the

spectzal absorption coeificient at ths line center, is to be evaluated
for comtined Doppler~ 2ud collision- broadening. The guantity P«“’Jn)

is related to P — and a through the expreuiou4

Ply,) = Py [exp_(az ]{orfc (aﬂ (12)

[

where ) .
exfc (a) =.[Zi'ﬁ'€”z)] [exp (—'xz)} dx.

a
Eguation (9) may be rewritten as
Ve 2214+(1-6p M) - &D c,z (9a)
where
Epg =1 -oxp [( max X) exfe (a) exp 4:-2)]. (13)
G'D-c =1 - exp [~ (me‘X') erfc (é') exp (a' 2)] . {13a}

and a' represents the line-shape parameter for the gases at the tempera-

ture T'.

* Absorption experiments using discrete lines as source have been
conaidered at various timas by most of the active workers in
comburtion spectroscopy.
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The ratio I/I' bhas been calculated for a' = a ranging from 0 to
10, £(K = )= 0.7, £'(K = 1) = 0.1and 0.5, for the P,-branch, {0, 0)-
bandand ) ~ 2T trasitions of OH. Results are plotted in Figs. 10

and ii. Reference to Figs. 10 and 11 shows that two-path experimsta

meter a,with distortion of experimental data by nelf-absorptioﬁ
diminishing as the numerical value of a is increased, under otherwise
comparablie experimentai conditions.
V. Peak Absorption Experiments for Non-Isothermal Regions
{Spectral Lines with Combined Doppler and Collision
Droazeaing}

Calculations in this section correspond to the experimental

arraugoment 'lustrated in Fig. § of Section 1if wiih pma.x repiaced by
P(wlu). Here P(w}‘u) again depends on pr-‘z and a as shown in
Eq. (12).

Equatiion {11) now bscomes

o~ . 2
VR(T,) = (1 -6 V(1 -E'y o) (112)
where &D-C and E€°, . bave been defined in Eqs. (13) and (13a).
Comparison of Eqa. (9a) and (l1la} shews that IIRTS =1/I' - 1 is
obtained simply by reinterprecting ths ordinatee of Figs. 10 and 11.

Hence the same conclusions 2ppiy to absorption experiments with discrete

sourcas as to mecasurements of peak intensities for two-path experiments.




.

Figure 1.

Figure 2,

Figure 3.

Figure 9.

Figure 10.

Figare 11.
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